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A recently introduced method for designing H. compensators based on minimal-order observers is considered
for an aircraft control problem. The purpose of this paper is to bridge the gap between theory and application
by presenting a practical utilization of a new design approach. Manual flight control systems for the lateral axis
of a fighter aircraft are developed using both full-order and reduced-order compensators, and the results are
compared. It is demonstrated that this method can be used to directly design reduced-order compensators that
result in a system satisfying a closed-loop H. bound.

I. Introduction

HE H, compensator design has been recognized as one

of the effective tools for robust control. Many control
problems in diverse areas of application can be placed in an H,,
framework. It is well known that full-order H,, compensators
can be designed using various approaches. The issue of reduc-
ing H, compensator complexity has attracted considerable
attention in the past few years. In many applications it is
desirable to reduce the order of the compensator if the result-
ing loss in performance is small enough. Hsu et al.! have used
the bounded real lemma to derive proper H. compensators
based on minimal-order observers. Design equations have
been derived whose solutions provide a sufficient condition to
satisfy a closed-loop H, norm bound.!

The purpose of this paper is to present an application of this
design method to an aircraft control problem. The focus of
this paper is to show how the method is applied in a relatively
straightforward and practical design process. Although per-
formance and stability robustness measures based on uncer-
tainty modeling could be included in the design, they are not
explicitly included here to simplify the discussion. The design
problem addressed is a manual flight control system for the
lateral axis of a fighter aircraft. The design is based on one
done by Adams,2 who uses pseudocontrol and an inner/outer-
loop structure to achieve robustness and performance across
the flight envelope. Only the outer-loop design to achieve
flying qualities requirements is addressed here.

II. Design Methodology

In this paper, we consider the following linear control prob-
lem. We are given a system described by

Xx=Ax + Byw + Bu

Z = C1X + D12u (1)

y = Cyx + Dyw

Received Oct. 9, 1992; revision received May 7, 1993; accepted for
publication May 17, 1993. This paper is declared a work of the U.S.
Government and is not subject to copyright protection in the United
States.

*Laboratory Graduate Fellow, Department of Electrical and Com-
puter Engineering.

+Stability and Control Engineer, Flight Dynamics Directorate.
Member AIAA.

1Visiting Scientist, Flight Dynamics Directorate. Member AIAA.

§Acrospace Engineer, Flight Dynamics Directorate, WL/FIGC
Bldg 146, 2210 Eighth St., Ste 21. Associate Fellow AIAA.

341

where x, y, z, 4, and w are the state, the measured output, the
controlled output, the control input, and the disturbance in-
put, respectively. The dimensions of x, y, z, 4, and w are n, p,
r, m, and q, respectively. We assume {A4, B,, C,} is stabiliz-
able and detectable, Dy, is of full column rank, and D,, is of
full row rank. We want to find a controller such that the
closed-loop system is internally stable and the H,, norm from
the disturbance input to the controlled output, 17,1, is less
than a positive number . A controller of order # exists if and
only if the unique stabilizing solutions to two algebraic Riccati
equations are positive semidefinite and the spectral radius of
the product is less than 2, as described by Doyle et al.?> and
Glover and Doyle.*

Hsu et al.! have derived design equations that provide a
sufficient condition for such a controller of order n-p to exist.
A proper observer-based controller of order n-py

E=Ft+ Gy +Gou

@
u=-—H¢-Jy

that satisfies the two closed-loop specifications is said to be
admissible. The closed-loop system can be obtained by
combining Egs. (1) and (2)

Xg = Agxq + Byw

(3)
= Cdxcl + DC|W
where
X A - B,JC, - B,H
Xo = ’ Acl =
4 (G, - GJ)YC, F-GH

By=| B~ B:/Da Dy= —~DyJD @

cl = (Gl _ GZJ)DZI > cl — 12 21

Ca=1C1 - DpJC; — D;H]

Theorem 1 in Ref. 1 states that the controller of order n-p as
defined in Eq. (2) is an admissible compensator for the plant
(1) if there exist positive-semidefinite matrices P, and Q, satis-
fying Riccati inequalities!

ATP, + P\A + C{C, ~ (P\B, + C{D;;)(DED) !

X (BfP, + D5C)) + v~ *P\BB[P, <0 (5)
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Fig. 2 Design model.

QAT + AQ, + BiB] + v *Q,KT(D),D1)KQ,
—(Q:C] + BiD{ YD D)~ G0, + DyBT) <0 ©
where
A=A ++y BBIP
G =G+ v DyBP, )
K = (D D1y) " '(Bf P, + D)C)
and the controller parameters are given as
VA =FV
G, = V(Q:C] + B.D)(Dy, D)) ™!
Gy = V{By + v 2Qx(P\B, + C[Dyy)} ®
[/ Hl=K [ CI;Z] -
where
A=A+ vy 2QK"™D}DK — (20T + BlD;)(DlezT]) “1C, (9)
and the resulting controller must also satisfy
Q=44 - DID,>0 (10)

This theorem provides the following compensator design pro-
cedure:

Step 1: Solve Eq. (5) as a Riccati equality to find P; and then
solve Eq. (6) as a Riccati equality to find Q..

Step 2: Compute A and select F to be a block diagonal
matrix with eigenvalues that are a subset of the eigenvalues of
A. Solve the Sylvester equation VA = FV for V.

Step 3: Compute design parameters G,, G,, J, and H using
system (8).

Step 4: Check the condition in Eq. (10); if it is not satisfied,
increase vy and go to step 1.

The two Riccati equations in step 1 are not mutually cou-
pled, so their solutions can be easily obtained. The solution to

the homogeneous Sylvester equation in step 2 is not unique. ¥
is chosen to be any n-p submatrix of the Jordan form of A
that satisfies condition (10). Step 4 is needed to assure that the
H, norm constraint is satisfied. A search over y must be
performed, as in standard H, formulations, to find the mini-
mal H,, norm solution. Finally, the standard full-order strictly
proper H, central controller’* can be obtained by simply
letting V =1, G, =B,, and J = 0. The resulting full-order
compensator is the same as the central controller with P, and
Q, corresponding to X, and Z,Y. (Ref. 3) of the central
controller. A proof of this is presented by Hsu et al.! in
Appendix B of their paper.

III. Problem Formulation

We consider the design of a manual flight control system for
the lateral axis of the single engine VISTA F-16 supersonic test
vehicle. This aircraft has leading and trailing edge flaps, an all
movable horizontal tail, and a single rudder. The horizontal
tail is used symmetrically for pitch control and differentially
for roll control. The pilot controls include a force-feel side
stick, rudder pedals, and a throttle. The actual control inputs
used in this problem are asymmetric horizontal tail, asymmet-
ric flaps, and rudder. As described by Adams,? these are
transformed into two generalized inputs: sideslip acceleration
(B) and stability axis roll acceleration (i) commands. A form
of dynamic inversion is applied to the transformed system to
equalize the system over a range of dynamic pressures. The
resulting central system is chosen such that the error between
the central model and all other models is relatively small over
the flight envelope. By equalizing the plant dynamics across
the flight envelope, gain scheduling is avoided and a single
outer-loop design can be performed. The equalized plant is
described by

~0.1689  0.0759 —0.9952 00
A=|-2685%9 -25472 00689 B=|1 0
9.3603 —0.1773 —2.4792 0 1
(11)
1.0000 0 0
C:[ 0 0.9971 0.0755}

The state, control, and output vectors are given by

x=[8 p rI” u=[B " y=[B @’ 12
The states, inputs, and outputs are, in order: sideslip, body
axis roll rate, yaw rate, sideslip acceleration, stability axis roll
acceleration, sideslip, and stability axis roll rate. Figure 1
shows the difference between body axis and stability axis roll
rates, where « is the angle of attack and V is the velocity
vector.

The primary measure of manual flight control performance
is adherence to flying quality requirements. These require-
ments are given in terms of low-order transfer functions that
approximate the desired dynamics between pilot input and
aircraft response over the frequency range considered impor-
tant.? The lateral stick and pedal commands from the pilot
translate into a sideslip angle command and a stability axis roll
rate command. Ideal models of the desired aircraft response to
transformed pilot inputs are given by

B____ @b k__ VI gy
Be s+ 28pwps + b je S+ 1/Tg

where wp = 3.0rad/s, {p =0.71, and Tz = 0.33. An H,, opti-
mization problem can then be formulated directly in terms of
minimizing the maximum error between the ideal models given
in Eqgs. (13) and the actual transfer functions. Figure 2 shows
the structure of the design model, where Ideal, G, and X are
the ideal models, the equalized plant, and the controller to be
designed.
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Magnitude (dB)

10! 100 101 102

Frequency (rad/sec)

-5

-10

Magnitude (dB)

-15

.25 N " M U ST
10-1 100 101 102

Frequency (rad/sec)

Fig.4 B/8c and i/ for design 1.

1.4

Sideslp (deg)

“

Time (secs)

1 2 3

v v

T S S |

Stability axis roll rate (deg/s)
&

)
'
.
|
'
4
}
.
:
'
}
'
.
.
2
}
}
}
:
}
}
.
.
.
.
|
'
.
!
}
|
}

Time (secs)

Fig. 5 Response to sideslip step command for design 1.

The performance weight W, is formulated to keep the error
between the ideal model and the complementary sensitivity
function small at frequencies less than 10 rad/s. The satura-

tion weight W, is formulated to keep the control effort within
reasonable bounds.

IV. Designs

Two designs were done with different values for W, that
illustrate some of the advantages and difficulties of directly
designing the reduced-order compensator. In the first design,
the full-order compensator gave very good matching, whereas
the reduced-order compensator did not. In the second design,
the full-order compensator did not match quite as well, but the

reduced-order compensator performed much better than in
the first design. The performance weighting used was

s+ 30
=—] 14
P T s 4+0.037%7 (14)
The control weightings used were
s + 100 s+ 10
= -/ Wz = 100—————1 1
Wean 30m 2x2 sar2 10000272 (15)

Figure 3 shows magnitude plots for these weighting functions.
The eigenvalues of A for both designs are: \;, = —0.03,
M= —3.0, Ms= — 1.1437 £3.2515i, Ng= —2.9079, N3
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Fig. 6 Response to stability axis roll rate step command for design 1.
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Fig. 8 Response to sideslip step command for design 2.

= —2.1300 £ 2.1126i, and N9 o= — 10,000. The matrix F
that satisfies condition (10) is block diagonal with the eigen-
values )\1,2, )\3, )\6, >\7,8’ and )\9‘10.

Figure 4 shows the transfer functions 8/8. and i/, for the
ideal model (dotted line), the full-order compensator (solid
line), and the reduced-order compensator (dashed line). The
line markings in subsequent figures correspond to those of
Fig. 4. Time responses are shown in Figs. 5 and 6. The system
with the full-order compensator tracks the desired response
well, with almost no cross-coupling between step responses.
The peaking in the frequency responses for the system with the

reduced-order compensator in the region of 10 rad/s causes
significant overshoot in the step responses. There is also sig-
nificant cross-coupling in the sideslip step response.

Since we are using a direct design technique to find a re-
duced-order compensator, we can see how to adjust the
weights to achieve better responses with the reduced-order
compensator. From Fig. 4, most of the unwanted peaking is in
the range of 10 to 100 rad/s. Figure 3 shows that the control
effort weighting was increased significantly in this region, as
well as at lower frequencies. The frequency responses obtained
with the new weightings are shown in Fig. 7. Although the
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Fig. 9 Response to stability axis roll rate step command for design 2.

Table 1 Compensator eigenvalues and values for v = | T/l -

Design 1 Design 2

Full-order Reduced-order Full-order Reduced-order
v=28.62 y=29.8 v =20.1 v =20.1
—160.01 —123.7 —12.09 —18.52
—99.54 —99.49 —8.111:4.930i —8.129+4.689i
—9.122+5.067i —9.482 —4.179+6.442i —2.127+£2.222i
—5.000 £ 5.585¢ —0.9801 —6.712 -1.570
—2.676+2.261i 3.0244 —2.222x2.133; —0.001
—0.0027 1.3261 —-0.007 0.001
—0.0007 1.0320 —0.002 —_

e . 0.0302 — —_—

frequency response is slightly lower, below 2 rad/s where good
matching is desired, this is made up for by the significant
reduction in peaking in the range of 10 rad/s.

The step responses in Figs. 8 and 9 show slightly worse
responses for the full-order case, but significantly improved
performance for the reduced-order system. The overshoots
were -nearly ellmmated as was the sideslip command cross-
coupling. Although the roll rate command cross-coupling in-
creased, the values are still reasonable.

An interesting property of the second design (see Table 1) is
that although it achieves the same value for y with the re-
duced-order compensator as with the full-order compensator,
the closed-loop response is different. This difference is proba-
bly due to the fact that the reduced-order compensator is
proper, whereas the full-order compensator is strictly proper.
In the proper case, the resulting closed-loop maximum singu-
lar value is constant at high frequencies, whereas in the strictly
proper case, the maximum singular value rolls off at higher
frequencies. The result of this property of the H., solution is
that the shape of the weights at high frequencies can affect the
solution found at lower frequencies, even though the designer
is only looking for sufficient rolloff at high frequencies. The
flexibility to shape these high-frequency weightings is limited
by the desire to use the lowest order possible for the weighting
functions. This result implies that.using proper instead of
strictly proper compensators will generally give solutions of a
different form.

Although the reduced-order de51gn -technique guarantees
closed-loop stability, Table 1 shows that the reduced-order
compensator itself may be unstable, a trait that is generally
undesirable.’ Other examples have produced stable reduced-
order compensators, indicating that this property is problem

dependent. Other methods of finding reduced-order con-
trollers may also produce either stable or unstable controllers,
depending on the problem.® When solving for full-order H.,,
compensators, the same problem can occur.”® As v is in-
creased, the set of admissible controllers becomes larger, so

that it becomes more likely a stable compensator can be
found. Veillette et al.? have derived a sufficient condition for
finding an admissible full-order controller that is also stable,
at the cost of increasing . In general, because of its impor-
tance in practical applications, the theory of finding stable H.,
compensators for strongly stabilizable systems needs to be
further explored

V. Conclusions

A new method developed for designing H, compensators
based on minimal-order observers was used to design.a re-
duced-order manual flight control system for the lateral axis
of a.fighter aircraft. Although the technique only provides a
sufficient condition for the existence of a controller satisfying
stability and H,.-norm constraints, the approach is demon-
strated to be useful in a practical problem. It was shown that
the method allows the designer to approach the reduced-order
control problem in the same manner as with standard H.,
design techniques in the sense of using weightings to make
tradeoffs over different frequency ranges. Some differences
result from the fact that the resulting controller is proper
rather than strictly proper.
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